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Abstract: We study cluster adjacency conjectures for amplitudes in maximally super-
symmetric Yang-Mills theory. We show that the n-point one-loop NMHV ratio function
satisfies Steinmann cluster adjacency. We also show that the one-loop BDS-like normal-
ized NMHV amplitude satisfies cluster adjacency between Yangian invariants and final
symbol entries up to 9-points. We present conjectures for cluster adjacency properties
of Plu¨cker coordinates, quadratic cluster variables, and NMHV Yangian invariants that
generalize the notion of weak separation.
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1 Introduction
Cluster algebras [1–3] of Grassmannian type [4, 5] have been found to play a signifi-
cant role in the mathematical structure of scattering amplitudes in planar maximally
supersymmetric Yang-Mills theory (N = 4 SYM) [6, 7], constraining the structure of
amplitudes at the level of symbols and cobrackets [7–10]. The recently introduced clus-
ter adjacency principle [11] has opened a new line of research in this topic, shedding
light on even deeper connections between amplitudes and cluster algebras. This prin-
ciple applies conjecturally to various aspects of the analytic structure of amplitudes in
N = 4 SYM. The many guises of cluster adjacency, at the level of symbols [12], Yan-
gian invariants [13, 14], and the correlation between them [15] have also been exploited
to help compute new amplitudes via bootstrap [16]. These mathematical properties
however are perhaps somewhat obscure, and although it is understood that cluster ad-
jacency of a symbol implies the Steinmann relations [11], its other manifestations have
less clear physical interpretations (see however [17], which establishes interesting new
connections between cluster adjacency and Landau singularities). Even finer notions
of cluster adjacency, that more strictly constrain pairs of adjacent symbol letters, have
recently been studied in [18, 19].
– 1 –
In this paper we show that that the one-loop NMHV amplitudes in N = 4 SYM
theory satisfy symbol-level cluster adjacency for all n, and we check that for n = 9
the amplitude can be written in a form that exhibits adjacency between final symbol
entries and R-invariants, supporting the conjectures of [11, 15]. The outline of this
paper is as follows. In Section 2 we review the kinematics of N = 4 SYM and the
bracket test used to assess cluster adjacency. In Section 3 we review formulas for the
amplitudes to which we apply the bracket test. In Section 4 we present our analysis
and results as well as new cluster adjacency conjectures for Plu¨cker coordinates and
cluster variables that are quadratic in Plu¨ckers. These conjectures generalize the notion
of weak separation [20, 21].
2 Cluster Adjacency and the Sklyanin Bracket
In N = 4 SYM the kinematics of scattering of n massless particles is described by a
collection of n momentum twistors [22], ZI1 , . . . , Z
I
n, each of which is a four-component
(I ∈ {1, . . . , 4}) homogeneous coordinate on P3. Thanks to dual conformal symme-
try [23] the collection of momentum twistors have a GL(4) redundancy and thus can
be taken to represent points in Gr(4, n). By an appropriate choice of gauge we can
take
Z =

Z11 · · · Z1n
Z21 · · · Z2n
Z31 · · · Z3n
Z41 · · · Z4n
 −→GL(4)

1 0 0 0 y15 · · · y1n
0 1 0 0 y25 · · · y2n
0 0 1 0 y35 · · · y3n
0 0 0 1 y45 · · · y4n
 . (2.1)
The degrees of freedom are given by yIa = (−1)I〈{1, 2, 3, 4} \ {I}, a〉/〈1, 2, 3, 4〉 for
a = 5, 6, . . . , n, with
〈a, b, c, d〉 ≡ ijklZiaZjbZkcZ ld (2.2)
denoting Plu¨cker coordinates on Gr(4, n). Throughout this paper we will make use of
the relation between momentum twistors and dual momenta [23]
x2ij =
〈i−1 , i , j−1 , j〉
〈i−1 i〉〈j−1 j〉 , (2.3)
where 〈i j〉 is the usual spinor helicity bracket (that completely drops out of our analysis
due to cancellations guaranteed by dual conformal symmetry).
The fact that (2.2) are cluster variables of the Gr(4, n) cluster algebra plays a
constraining role in the analytic structure of amplitudes in N = 4 SYM through the
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notion of cluster adjacency [11] and it is therefore of interest to test the cluster adjacency
properties of amplitudes. Two cluster variables are cluster adjacent if they appear
together in a common cluster of the cluster algebra (this notion is also called “cluster
compatibility”). To test whether two given variables are cluster adjacent one can use
the Poisson structure of the cluster algebra [4], which is related to the Sklyanin bracket
[24]. We call this the bracket test and was first applied to amplitudes in [12]. In terms
of the parameters of (2.1), the Sklyanin bracket is given by
{yIa, yJ b} = 1
2
(sign(J − I)− sign(b− a))yJayI b , (2.4)
which extends to arbitrary functions as
{f(y), g(y)} =
n∑
a,b=5
4∑
I,J=1
∂f
∂yIa
∂g
∂yJ b
{yIa, yJ b} . (2.5)
The bracket test then says: two cluster variables ai and aj are cluster adjacent iff
Ωij = {log ai, log aj} ∈ 1
2
Z . (2.6)
Note that whenever i, j, k, l are cyclically adjacent, 〈i, j, k, l〉 is a frozen variable and is
therefore automatically adjacent with every cluster variable.
The aim of this paper is to provide evidence for two cluster adjacency conjectures
for loop amplitudes of generalized polylogarithm type [11]:
Conjecture 1 “Steinmann cluster adjacency”: Every pair of adjacent entries in the sym-
bol of an amplitude is cluster adjacent.
This type of cluster adjacency implies the extended Steinmann relations at all par-
ticle multiplicities [12]. In fact it appears to be equivalent to the extended Steinmann
conditions of [25] for all known integrable symbols with physical first entries (that
means, of the form 〈i, i+ 1, j, j + 1〉).
Conjecture 2 “Final entry cluster adjacency”: There exists a representation of the sym-
bol of an amplitude in which the final symbol entry in every term is cluster adjacent
to all poles of the Yangian invariant that term multiplies.
Support for these conjectures was given for NMHV amplitudes at 6- and 7-points
in [15, 16] (to all loop order at which these amplitudes are currently known), and for
one- and two-loop MHV amplitudes (to which only the first conjecture applies) at all
multipliticies in [12].
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3 One-loop Amplitudes
To demonstrate the cluster adjacency of NMHV amplitudes with respect to the conjec-
tures in Section 2 we need to work with appropriate finite quantities after IR divergences
have been subtracted. To this end we will be working with two types of regulators at
one loop: BDS [26] and BDS-like [27] normalized amplitudes. In this section we review
these regulators and the one-loop amplitudes relevant for our computations.
3.1 BDS- and BDS-like Subtracted Amplitudes
We start by reviewing the BDS normalized amplitude, which was first introduced in
[26]. Consider the n-point MHV amplitude AMHVn in planar N = 4 SYM with gauge
group SU(Nc) coupling constant gYM, where the tree-level amplitude has been factored
out. Evaluating the amplitude in 4−2 dimensions regulates the IR divegences. The
BDS normalization involves dividing all amplitudes by the factor
ABDSn = exp
[ ∞∑
L=1
g2L
(
f (L)()
2
A(1)n (L) + C
(L)
)]
, (3.1)
that encapsulates all IR divergences. Here where g2 =
g2YMNc
16pi2
is the ’t Hooft coupling,
the superscript (L) on any function denotes its O(g2L) term, C(L) is a transcendental
constant and f() = 1
2
Γcusp +O(), where Γcusp is the cusp anomalous dimension
Γcusp = 4g
2 +O(g4) . (3.2)
The BDS-like normalization contrasts with BDS normalization by the inclusion of
a dual conformally invariant function Yn, chosen such that the BDS-like normalization
only depends on two-particle Mandelstam invariants,
ABDS-liken = A
BDS
n exp
[
Γcusp
4
Yn
]
, 4 6 | n ,
Yn = −Fn − 4ABDS-like + npi
2
4
,
(3.3)
where Fn is (in our conventions) twice the function in Eq. (4.57) of [26] (one can use
an equivalent representation from [12]) and ABDS-like is given on page 57 of [28]. Since
ABDS-liken only depends on two-particle Mandelstam invariants, which can be written
entirely in terms of frozen variables of the cluster algebra, the BDS-like normalization
has the nice feature of not spoiling any cluster adjacency properties. At the same time
it means that BDS-like normalized amplitudes will satisfy Steinmann relations [29–31]
Discx2i+1,j
[
Discx2i+1,i+p(An)
]
= 0 ,
Discx2i+1,i+p
[
Discx2i+1,j+p+q(An)
]
= 0 ,
 0 < j − i ≤ p or q < i− j ≤ p+ q . (3.4)
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3.2 NMHV Amplitudes
The one-loop n-point NMHV ratio function can be written in the dual conformally
invariant form [32, 33]
Pn = VtotRtot + V14nR14n +
n−2∑
s=5
n∑
t=s+2
V1stR1st + cyclic . (3.5)
The transcendental functions Vtot, V14n, and V1st are given explicitly in Appendix A.
The function Rtot is given in terms of R-invariants [23]
Rtot =
n−2∑
s=3
n∑
t=s+2
R1st , (3.6)
and Rrst are the five-brackets [34] written in terms of momentum supertwistors as
Rrst = [r, s− 1, s, t− 1, t] ,
[a, b, c, d, e] =
δ(4)(χa〈b, c, d, e〉+ cyclic)
〈a, b, c, d〉〈b, c, d, e〉〈c, d, e, a〉〈d, e, a, b〉〈e, a, b, c〉 .
(3.7)
These are special cases of Yangian invariants [23, 35] and we will henceforth refer to
them as such.
4 Cluster Adjacency of One-Loop NMHV Amplitudes
In this section we will describe the method we used to test the conjectures in Section
2 and our results.
4.1 The Symbol and Steinmann Cluster Adjacency
To compute the symbol of a transcendental function, we follow [36] (see also [37]).
Only weight two polylogarithms appear at one loop so it is sufficient for us to use the
symbols
S(log(R1) log(R2)) = R1 ⊗R2 +R2 ⊗R1 , S(Li2(R1)) = −(1−R1)⊗R1 . (4.1)
Once the symbol of an amplitude is computed, we expand out any cross ratios using
(A.1) and (2.3), and perform the bracket test to adjacent symbol entries. It is straight-
forward to compute the symbol of the expressions in Appendix A using (4.1) and we
find that the symbol of each of the transcendental functions of (3.5), V14n, V1,s,t, and
Vtot, satisfy Steinmann cluster adjacency (after dropping spurious terms that cancel
when expanded out), and hence satisfies Conjecture 1.
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4.2 Final Entry and Yangian Invariant Cluster Adjacency
To study Conjecture 2, we follow [15] and start with the BDS-like normalized amplitude
expanded as a linear combination of Yangian invariants times transcendental functions
ANMHV, BDS-liken,L =
∑
i
Yif (2L)i , (4.2)
We seek a representation of this amplitude that satisfies Conjecture 2. Using the bracket
test (2.6), we determine which final symbol entries are not cluster adjacent to all poles of
the Yangian invariant multiplying that term. We then rewrite the non-cluster adjacent
combinations of Yangian invariants and final entries by using the identities [34]
[a, b, c, d, e]− [a, b, c, d, f ] + [a, b, c, e, f ]− [a, b, d, e, f ] + [a, c, d, e, f ]− [b, c, d, e, f ] = 0 .
(4.3)
until we are able to reach a form that satisfies final entry cluster adjacency. Note that
rewriting in this manner makes the integrability of the symbol no longer manifest. The
6- and 7-point cases were studied in [15]. We checked that this conjecture is true in the
9-point case as well. To get a flavor for our 9-point calculation, consider the following
term that we encounter, which does not manifestly satisfy final entry cluster adjacency:
− 1
2
([1, 2, 3, 4, 5] + [1, 2, 3, 5, 6] + [1, 2, 3, 6, 7]− [1, 2, 4, 5, 7]− [1, 2, 5, 6, 7]
+ [1, 3, 4, 5, 6] + [1, 3, 4, 6, 7] + [1, 4, 5, 6, 7]− [2, 3, 4, 5, 7]− [2, 3, 5, 6, 7])
×
(
log
(〈1, 2, 3, 4〉〈1, 7, 8, 9〉
〈1, 2, 7, 8〉〈1, 3, 4, 9〉
)
⊗ 〈3, 4, 7, 8〉
)
.
(4.4)
To get rid of the non-cluster adjacent combinations of Yangian invariants and final
entries, we list all identities (4.3) and note that there are 14 cyclic classes of Yangian
invariants at 9-points. A cyclic class is generated by taking a five-bracket and shifting
all indices cyclically. This collection forms a cyclic class. Solving the identities (4.3)
for 7 of the 14 cyclic classes in Mathematica (yielding
(
14
7
)
= 3432 different solutions),
we find that at least one solution, for each final entry, brings the symbol to a final
entry cluster adjacent form. For the example (4.4), one of the combinations from these
solutions, that is cluster adjacent, takes the form
− 1
2
([1, 2, 3, 4, 8]− [1, 2, 3, 7, 8] + [1, 2, 4, 7, 8]− [1, 3, 4, 7, 8]
+ [2, 3, 4, 7, 8] + [3, 4, 5, 6, 7])
(
log
(〈1, 2, 3, 4〉〈1, 7, 8, 9〉
〈1, 2, 7, 8〉〈1, 3, 4, 9〉
)
⊗ 〈3, 4, 7, 8〉
)
.
(4.5)
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One can check that the complete set of Yangian invariants that are cluster adjacent to
〈3, 4, 7, 8〉 is given by
{[1, 2, 3, 4, 7], [1, 2, 3, 4, 8], [1, 2, 3, 4, 9], [1, 2, 3, 7, 8], [1, 2, 3, 7, 9], [1, 2, 3, 8, 9],
[1, 2, 4, 7, 8], [1, 2, 4, 7, 9], [1, 2, 4, 8, 9], [1, 2, 7, 8, 9], [1, 3, 4, 7, 8], [1, 3, 4, 7, 9],
[1, 3, 4, 8, 9], [1, 3, 7, 8, 9], [1, 4, 7, 8, 9], [2, 3, 4, 7, 8], [2, 3, 4, 7, 9], [2, 3, 4, 8, 9],
[2, 3, 7, 8, 9], [2, 4, 7, 8, 9], [3, 4, 5, 6, 7], [3, 4, 5, 6, 8], [3, 4, 5, 7, 8], [3, 4, 6, 7, 8],
[3, 4, 7, 8, 9], [3, 5, 6, 7, 8], [4, 5, 6, 7, 8]} .
(4.6)
At 10-points this method becomes much more computationally intensive as we have 26
cyclic classes. If we follow the same procedure as for 9-points, we would have to check
cluster adjacency of
(
26
13
)
= 10400600 solutions per final entry with non cluster adjacent
Yangian invariants.
5 Cluster Adjacency and Weak Separation
In our study of one-loop NMHV amplitudes we observed some general cluster adjacency
properties of symbol entries and Yangian invariants involved in the one-loop NMHV
amplitude. Let us denote the various types of symbol letters by
a1;ij = 〈i− 1, i, j − 1, j〉 , (5.1)
a2;ijk = 〈i(j j + 1)(k k + 1)(i− 1 i+ 1)〉
= 〈i, j, j + 1, i− 1〉〈i, k, k + 1, i+ 1〉 − 〈i, j, j + 1, i+ 1〉〈i, k, k + 1, i− 1〉 , (5.2)
a3;ijkl = 〈i(j j + 1)(k k + 1)(l l + 1)〉
= 〈i, j, k, k + 1〉〈i, j + 1, l, l + 1〉 − 〈i, j + 1, k, k + 1〉〈i, j, l, l + 1〉 . (5.3)
In this section we summarize their cluster adjacency properties as determined by the
bracket test.
First consider a1;ij and a2;klm. We observe that these variables are adjacent if they
satisfy a generalized notion of weak separation [20, 21]. In particular we find that
〈i− 1, i, j − 1, j〉 and 〈k(l l + 1)(mm+ 1)(k − 1 k + 1)〉 are cluster adjacent iff
{i, j} ∈ {k + 1, . . . , l + 1} ∨ {l + 1, . . . ,m+ 1} ∨ {m+ 1, . . . , k} or
{i = k, j = l + 1} ∨ {i = k, j = m+ 1} ∨ {i = k + 1, j = l + 1} ∨ {i = k + 1, j = m+ 1} .
(5.4)
This adjacency statement can be represented by drawing a circle with labeled points
{1, . . . , n} appearing in cyclic order, as in Figure 1. For the variables a1;ij and a3;klmp
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Figure 1: Weak separation graph indicating that if both i and j are within
any of the green regions (or on the green chords), then 〈i − 1, i, j − 1, j〉 is
cluster adjacent to 〈k(l l + 1)(mm+ 1)(k − 1 k + 1)〉.
we observe
〈i− 1, i, j − 1, j〉 and 〈k(l l + 1)(mm+ 1)(p p+ 1)〉 are cluster adjacent iff
{i, j} ∈ {k + 1, . . . , l + 1} ∨ {l + 1, . . . ,m+ 1} ∨ {m+ 1, . . . , p+ 1} ∨ {p+ 1, . . . , k + 1}
or {i = k + 1, j = l + 1} ∨ {i = l + 1, j = m+ 1} ∨ {i = m+ 1, j = p+ 1}
∨ {i = p+ 1, j = k + 1} ∨ {i = k + 1, j = m+ 1} ∨ {i = l + 1, j = p+ 1}.
(5.5)
This statement is represented in Figure 2.
For Plu¨cker coordinate of type (5.1) and Yangian invariants (3.7), we observe
〈i− 1, i, j − 1, j〉 and [a, b, c, d, e] are cluster adjacent iff
{a, b, c, d, e} ⊂
({i− 1, i, . . . , j − 1, j}
5
)
∪
({j − 1, j, . . . , i− 1, i}
5
)
.
(5.6)
Next up the variables (5.2) and Yangian invariants (3.7) are observed to have the
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Figure 2: Weak separation graph indicating that if both i and j are within
any of the green regions (or on the green chords), then 〈i − 1, i, j − 1, j〉 is
cluster adjacent to 〈k(l l + 1)(mm+ 1)(p p+ 1)〉.
adjacency condition
〈i(j j + 1)(k k + 1)(i− 1 i+ 1)〉 and [a, b, c, d, e] are cluster adjacent iff
{a, b, c, d, e} ⊂ {{i, j, j + 1, k, k + 1}} ∪
({i, i+ 1, . . . , j, j + 1}
5
)
∪
({j, j + 1, . . . , k, k + 1}
5
)
∪
({k, k + 1, . . . , i− 1, i}
5
)
.
(5.7)
Finally, for variables (5.3) and Yangian invariants (3.7), we observe adjacency when
〈i(j j + 1)(k k + 1)(l l + 1)〉 and [a, b, c, d, e] are cluster adjacent iff
{a, b, c, d, e} ⊂
({i, . . . , j, j + 1}
5
)
∪
({i, j, j + 1, . . . , k, k + 1}
5
)
∪
({i, k, k + 1, . . . , l, l + 1}
5
)
∪
({l, l + 1, . . . , i}
5
)
.
(5.8)
The statements about cluster adjacency in this section hint at a generalization of the
notion of weak separation for Plu¨cker coordinates [20, 21]. We are only able to verify
these statements “experimentally” via the bracket test. To prove such statements, we
look to Theorem 1.6 of [21] which states that: given a subset C of ({1,...,n}
4
)
, the set of
Plu¨cker coordinates {pI}I∈C forms a cluster in the Gr(4, n) cluster algebra iff C is a
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maximally weakly separated collection. Maximally weakly separated means that if C ⊆({1,...,n}
4
)
is a collection of pairwise weakly separated sets and C is not contained in any
larger set of of pairwise weakly separated sets, then the collection C is maximally weakly
separated. To prove the cluster adjacency statements made in this section, we would
have to prove that there exists a maximally weakly separated collection containing all
the weakly separated sets proposed in for each pair of coordinates/Yangian invariants
considered in this section. We leave this to future work.
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A n-point NMHV Transcendental Functions
In this Appendix we present the transcendental functions contributing to the NMHV
ratio function (3.5), from [33]. All functions are written in a dual conformally invariant
form, in terms of cross ratios
uijkl =
x2ikx
2
jl
x2ilx
2
jk
(A.1)
of dual momenta (2.3). The functions V1,s,t are given by
V1,s,t = Li2(1− u12t4)− Li2(1− u12ts) +
s∑
i=5
[Li2(1− u2,i+2,i−1,i)− Li2(1− u12i,i−1)
− Li2(1− u1,i+2,i−1,i)− 1
2
ln(u21i,i+2) ln(u1,i+2,i−1,i)− 1
2
ln(u12ti) ln(u1t,i−1,i)
− ln(u2,i−1,t,i+2) ln(u12i,i−1)] , for 5 ≤ s , t ≤ n− 1 ,
(A.2)
where 5 ≤ s ≤ n− 2 and s+ 2 ≤ t ≤ n, and
V1,s,n = Li2(1− u2sn,n−1) + Li2(1− u214,n−1) + ln(u2sn,n−1) ln(u21s,n−1)
+
s∑
i=5
[Li2(1− u2,i+2,i−1,i)− Li2(1− u12i,i−1)− Li2(1− u1,i+2,i−1,i)
− 1
2
ln(u21i,i+2) ln(u1,i+2,i−1,i)− 1
2
ln(u12,n−1,i) ln(u1,n−1,i−1,i)
− 1
2
ln(u2,i−1,n−1,i+2) ln(u12i,i−1)
]
− pi
2
6
, for 4 ≤ s ≤ n− 3 ,
(A.3)
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where the sum empty sum is understood to vanish for s = 4. The function V1,n−2,n is
given by
V1,n−2,n = Li2(1− u2n,n−3,n−2)− Li2(1− u12,n−2,n−3) + Li2(1− u2,n−3,n,n−1)
+ Li2(1− u214,n−1)− ln(un1,n−3,n−2) ln
(
u12,n−2,n−1
u2,n−3,n−1,n
)
+ ln(u2,n−3,n,n−1) ln(u21,n−3,n−1) +
n−3∑
i=5
[Li2(1− u2,i+2,i−1,i)
− Li2(1− u12i,i−1)− Li2(1− u1,i+2,i−1,i)− 1
2
ln(u21i,i+2) ln(u1,i+2,i−1,i)
− 1
2
ln(u12,n−1,i) ln(u1,n−1,i−1,i)− 1
2
ln(u2,i−1,n−1,i+2) ln(u12i,i−1)
]
− pi
2
6
.
(A.4)
Finally Vtot is given by two different formulas, one for n = 8 and one for n > 8. For
n = 8 we have
8Vn=8tot = −Li2(1− u−11247) +
1
2
6∑
i=4
Li2(1− u−112i,i+1) +
1
4
ln(u8145) ln
(
u1256u3478
u2367
)
+ cyclic ,
(A.5)
while for n > 8 we have
nVtot = −Li2(1− u−1124,n−1) +
1
2
n−2∑
i=4
Li2(1− u−112i,i+1)
+
1
2
ln(un134) ln(u136,n−2)− 1
2
ln(un145) ln(u236,n−2u2367) + vn + cyclic ,
(A.6)
where
n odd : vn =
n−1
2∑
i=4
ln(un1i,i+1)
i−1∑
j=1
ln(uj,j+1,i+j,n−i+j) , (A.7)
n even : vn =
n−1
2∑
i=4
ln(un1i,i+1)
i−1∑
j=1
ln(uj,j+1,i+j,n−i+j) +
1
4
ln(un1,n
2
,n
2
+1)
n−2
2∑
i=1
ln(ui,i+1,i+n
2
,i+n
2
+1) .
(A.8)
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